Electronic structures associated with the flat (polar) Se/Te-or Tl-terminated surfaces of TlBiSe2 and TlBiTe2 are predicted to harbor not only Dirac cone states, but also trivial dangling bond states near the Fermi energy. However, the latter, trivial states have never been observed in photoemission measurements. In order to address this discrepancy, we have carried out ab-initio calculations for various surfaces of TlBiSe2 and TlBiTe2. A rough nonpolar surface with an equal number of Se/Te and Tl atoms in the surface atomic layer is found to destroy the trivial dangling bond states, leaving only the Dirac cone states in the bulk energy gap. The resulting energy dispersions of the Dirac states are in good accord with the corresponding experimental dispersions in TlBiSe2 as well as TlBiTe2. We also show that in the case of flat, Se terminated, high-index (221) and (112) surfaces of TlBiSe2, the trivial surface states shift energetically below the Dirac node and become well-separated from the Dirac cone states.
I. INTRODUCTION
Narrow gap semiconductors with non-trivial topological invariants (Z 2 )
1-5 are currently stimulating intense research activity in condensed matter physics and materials science driven by their conceptual novelties as well as potential for applications. In these novel materials, known as topological insulators (TIs), [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] the bulk system is insulating, but the surfaces support metallic states with linear energy dispersion like a massless Dirac fermion. These Dirac fermions possess a helical spintexture in k-space, are protected by time-reversal symmetry (TRS), 20, 21 and are not allowed to backscatter in the absence of magnetic impurities or other TRS breaking perturbations. These unique properties of the Dirac states in the TIs provide an exciting playground for the realization of many topological quantum phenomena in a table-top setting, and as a basis for next generation electronic devices.
22-29
Among the various known families of three dimensional (3D) TIs, Bi 2 Se 3 and Bi 2 Te 3 7-10 have been the workhorse materials, which have been used widely for investigating topological states and their properties. They possess a relatively simple crystal structure composed of stacks of five-atomic-layer-blocks or quintuple blocks (QBs). The QBs are held together by weak van der Waals forces, providing natural cleavage planes without breaking strong bonds, 30 and are theoretically predicted to support only non-trivial Dirac cone states without the presence of trivial dangling bond states, in agreement with the angle-resolved photoemission spectroscopy (ARPES) results. [8] [9] [10] Along these lines, surfaces of QBs are normally assumed to be the termination surfaces in the binary Bi-based class of TIs and other layered materials.
7-10,17,18
The thallium-based ternary semiconductors TlBiSe 2 and TlBiTe 2 , which are of particular interest to this study, were first predicted theoretically to be 3D-TIs, before the topological character of these materials was demonstrated experimentally. [11] [12] [13] [14] [15] [16] 27, 28 Although the crystal structure of these TIs is layered, it does not possess a weakly coupled pair of layers. Angle-resolved photoemission experiments show that TlBiSe 2 and TlBiTe 2 support a single Dirac cone surface state. 15, 16, 27, 28 The Dirac node in TlBiSe 2 lies within the bulk energy gap of 0.2−0.3 eV, and it is well isolated from the bulk bands. As a result, the helical spin-texture of both the upper and the lower Dirac cone in TlBiSe 2 is accessible and, in fact, this is the first TI in which a chirality inversion from the surface state spin-texture was observed experimentally. 27 The velocity of the Dirac carriers in TlBiSe 2 is higher than Bi 2 Se 3 .
15 Furthermore, it has been reported that bulk TlBiTe 2 becomes superconducting with p-doping (carrier density 6×10 20 holes/cm 3 ). 31 Reference 16 shows that the Fermi level at this doping lies ∼ 150 meV below the bulk conduction bands where six leaf-like bulk hole pockets appear in the surface Brillouin zone along with the topological surface state. These results suggest that bulk superconductivity in p-type TlBiTe 2 originates from the six leaf-like bulk hole pockets and thus, in this state, it may be possible for the surface Dirac cone to become superconducting due to the proximity of bulk superconductivity, 11 making TlBiTe 2 a possible host material for topological superconductivity.
The preceding discussion makes it clear that TlBiSe 2 and TlBiTe 2 are interesting TI materials. The cleavage plane in these crystals, however, is not obvious due to the strong ionic-covalent-type bonding among the different atomic layers. Theoretical studies predict the presence of trivial dangling bond states along with the Dirac cone states over various flat Se(Te)-as well as Tl-terminated surfaces;
12-14 the trivial surface states have not been observed experimentally, even though Dirac cone states are clearly visible in the bulk energy gap. Recent scanning tunneling microscopy/spectroscopy (STM/STS) and core level-photoelectron spectroscopy (CL-PES) studies of TlBiSe 2 32,33 indicate that the flat surface assumed in theoretical modeling may not be a realistic representation of the actual cleaved surface; TlBiSe 2 surface is found to exhibit a complicated morphology involving a Se-terminated surface covered with islands of Tl atoms with roughly a 50:50 coverage of Se and Tl terminations. Such a surface with an equal number of Se (anion) and Tl (cation) atoms would be nonpolar like the (001) and (110) surfaces of recently discovered topological crystalline insulator SnTe, 34 and result in the saturation of the trivial dangling bond states. Despite this experimental evidence, we are not aware of any first-principles study exploring such non-polar surfaces of TlBiSe(Te) 2 , which might also give insight into why the predicted trivial dangling bond states are not observed experimentally.
With this motivation, we have carried out systematic ab-initio electronic structure calculations using a variety of surface terminations for both TlBiSe 2 and TlBiTe 2 . When we consider an essentially nonpolar surface with an equal number of Se/Te and Tl atoms in the surface layer, as proposed in Ref. 32 , we not only obtain Dirac cone states placed clearly within the bulk band gap in both TlBiSe 2 and TlBiTe 2 , but we also find that the trivial dangling bond states now disappear. Moreover, the computed Dirac band dispersions in TlBiSe 2 as well as TlBiTe 2 for the nonpolar surfaces reproduce the corresponding experimental dispersions in remarkable detail. Finally, we explore the high-index (221) and (112) surfaces of the present compounds. The trivial states on the flat (221) and (112) Se-terminated surfaces of TlBiSe 2 are found to be shifted energetically to lie below the Dirac node, and here also the Dirac cone states become well isolated from the bulk as well as the trivial surface states.
The organization of this article is as follows. In Sec. II, we present relevant computational details. Section III provides the bulk crystal and band structures and identifies the mechanism of bulk band inversion in TlBiSe 2 and TlBiTe 2 . The (111) surface electronic structure for various surface terminations, and the results for (221) and (112) surface terminations are also discussed. Finally, in Sec. IV, we summarize the conclusions of our study.
II. COMPUTATIONAL DETAILS
Electronic structures were calculated within the density functional theory (DFT) 35 formalism with projector augmented wave (PAW) 36,37 method, using the VASP (Vienna Ab Initio Simulation Package) suite of codes.
36
The generalized gradient approximation (GGA) 38 was used to include exchange-correlation effects. For bulk calculations, a primitive rhombohedral unit cell of four atoms with fully relaxed structural parameters from Ref.
14 was used. In order to simulate surfaces of TlBiSe 2 and TlBiTe 2 with various terminations, we employed inversion symmetric slabs with a vacuum layer of 12Å to avoid interaction between the periodically repeated slabs. The Brillouin zone sampling was done by using Γ centered 8×8×8 and 8×8×1 k-meshes for the bulk and slabs, respectively. The total energies were converged to 1.0 × 10 −6 eV. Since slab construction in TlBiSe 2 and TlBiTe 2 involves breaking of strong bonds, substantial surface relaxations can be anticipated.
12-14 Accordingly, all atomic positions in the slabs were relaxed until the residual forces on each atom were less than 1.0 × 10 −3 eV/Å.
III. RESULTS AND DISCUSSIONS
A. Bulk crystal and band structure The distance between Tl and Se layers is larger (d = 3.30Å) compared to that between Bi and Se layers (d = 2.99Å), reflecting the stronger coupling between the latter layers. As a result, it will be natural for the crystal to cleave between the Tl and Se layers, a point to which we return below.
Bulk band structures of TlBiSe 2 and TlBiTe 2 along the high symmetry directions in the bulk Brillouin zone [see Fig In order to construct an effective low-energy Hamiltonian, it is important to identify the nature of the orbitals that control the electronic structure of a material in the vicinity of E F . With this motivation, we now turn to discuss characters of the relevant states in the present compounds. The band inversion in TlBiSe 2 and TlBiTe 2 occurs around the Γ-point and therefore, we characterize these states via the irreducible representations of the D 5 3d (R3m) group, 11,39,40 which can be determined by expressing the crystal wave functions as a superposition of the appropriate atomic orbitals. 39 It is thus straightforward to show that at the Γ-point, the Bi-p z -type wave functions transform like Γ − 6 (j=1/2), while the Bi-p xytype wave functions involve both the Γ The band structure of TlBiSe 2 in Fig. 1(c) shows that the Se-p z -like Γ 
B. Surface termination and surface states
Keeping in mind that the bonding between Tl and Se (Te) layers in TlBiSe 2 (TlBiTe 2 ) is weak compared to other layers, we consider three different possibilities for the (111) surface termination. These are illustrated in Fig. 2 with the example of TlBiSe 2 : (i) T1: Tl-Se bonds are broken as shown by dashed X line in Fig.  2(a) . Se atoms terminate the surface with Bi atoms in the second layer. This is the most commonly employed surface termination. [12] [13] [14] (ii) T2: Tl-Se bonds are broken as shown by the dashed Y line in Fig. 2(b) , with the Tl atoms terminating the surface. (iii) T3: Tl-Se bonds are broken such that half of the surface is like T1 while the other half is like T2 as shown in Fig. 2(c Breaking of Tl-Se/Te bonds leaves unpaired electrons or unsaturated bonds, and as a result, the surface atoms in TlBiSe 2 and TlBiTe 2 will likely undergo rearrangements and/or reconstructions in achieving a stable configuration. 42, 43 We have examined this possibility by allowing all atomic positions to relax in our computations. However, the surface atoms for T1 as well as T2 termination in both compounds maintain their in-plane positions without a tendency for reconstructions, reflecting presumably the highly directional nature of the bonding of the surface atoms with the underlying layers.
12-14
On the other hand, there are significant relaxation effects with atoms experiencing out-of-the-plane displacements; the distance between the first two top layers contracts, while that between the second and third layers expands with this pattern of alternating contraction and expansion decaying as one goes deeper into the bulk. Specifi-cally, the distance between the first two layers in TlBiSe 2 (TlBiTe 2 ) contracts by 0.09 (0.11)Å and 0.22 (0.19)Å for T1 and T2 terminations, respectively; the corresponding increases in the distance between the second and third layers is 0.11 (0.18)Å and 0.12 (0.13)Å for T1 and T2.
Turning to T3 termination, we modeled this complicated surface by taking a 2 × 2 × 1 supercell of a Tlterminated slab in which we removed Tl atoms from half of the surface layer as shown in Fig. 2(c) . 44 The resulting surface has 50:50 Se/Tl coverage, and it does not possess in-plane bulk periodicity. This is in sharp contrast to the surfaces with T1 and T2 terminations where the in-plane bulk periodicity over the surface layers is maintained, see Fig. 2 . The interlayer distances in this case also show out-of-the-plane relaxations, but the size of the deviations from bulk values in TlBiSe 2 /TlBiTe 2 is smaller than for T1 or T2 termination, and the interlayer spacing rapidly converges to the bulk value. Band structures of fully relaxed (symmetric) slabs of TlBiSe 2 with various surface terminations (T1-T3) are shown in Figs. 3(a)-3(c) . All three terminations support Dirac cone surface states, which lie within the bulk energy gap. T1 and T2 also yield trivial surface states, which are localized in the top two atomic layers of the slab as seen from sizes of the red circles in Figs. 3(a) and 3(b); these are dangling bond states that arise from unsaturated bonds of the surface atoms. 43 The T3 termination, on the other hand, does not support such trivial surface states around the Fermi level, see Fig. 3(c) . The absence of trivial states in T3 may be attributed to the stoichiometric slab configuration (N Tl = N Bi = 2 × N Se ) where we have a nonpolar surface geometry with an equal number of Tl + and Se − layers. Since the dangling bond states are localized on Tl and Se surface atomic layers, the strong ionic nature of bonding between Tl and Se atoms maintains the charge balance over the surface and eradicates these states. Notably, for T1 and T2 terminations, the lower Dirac cone is quite distorted, and the Dirac node overlaps with trivial surface states. In sharp contrast, for the T3 termination, both the upper and lower Dirac cones exhibit nearly linear energy dispersion, the Dirac node lies in the middle of the bulk gap, and it is well isolated from other (trivial) surface states.
The (111) surface of TlBiSe 2 has been extensively studied via angle-resolved photoemission spectroscopy (ARPES), which clearly shows the presence of a Diractype cone, 15, 16, 27, 28 with its node lying 0.3-0.4 eV below the Fermi level within a bulk gap of 0.2-0.3 eV depending on details of the sample used. 15, 16, 27, 28 Dispersion of the Dirac cone is observed to be isotropic up to ∼ 200 meV above or below the node, beyond which a bulk valence band can be seen at k ∼ 0.2Å −1 along the Γ − M directions. 15, 16 No evidence of other surface states in the vicinity of the Fermi energy is found.
The preceding experimental results on TlBiSe 2 are in good accord with our first-principles computations based on the T3 model termination as follows. The computed Dirac cone resides within the bulk energy gap of 160 meV with the Dirac node lying roughly in the middle of this gap at the Γ point. The bulk band features observed in the experiments along Γ − M and Γ − K directions can be seen clearly in the ab-initio energy dispersions; an example is the valence band maximum at k ∼ 0.2Å
along the Γ − M directions at an energy of 120 meV in Fig. 3(c) , which is also seen in the experiments. 15, 16 Finally, the computed electronic structure does not show the presence of any other (trivial) surface states in the bulk gap overlapping with the Dirac cone in sharp contrast to the T1 and T2 terminations, resolving a puzzling discrepancy between the earlier computations and experiments.
In order to check the stability of the T3 terminated surface, we have computed the total energies of slabs with various terminations. Note that slabs with different terminations contain different numbers of atoms and, therefore, their energies cannot be compared directly. However, the average energy of the slabs with T1 and T2 terminations can be compared with that of the T3-terminated slab as follows. If E1 is the total energy of an N layer T1 slab and E2 the energy of the N + {1 × 2} layer T2 slab, then E avg = Table I presents total energies per atom computed for slabs with various terminations. The energy per atom for the T3-termination, E3, is seen to be smaller than the corresponding average energy for T1 and T2 terminations, E avg , indicating that T3 termination is energetically more favorable. This is consistent with the results of recent STM/STS studies on the surface morphology of TlBiSe 2 32,33 as well as the ARPES results on TlBiSe 2 discussed above. We thus conclude that T3 termination is a good model for the naturally occurring stable (111) surface of TlBiSe 2 .
45
A salient feature of the Dirac states is their helical spintexture. In this connection, we have computed the spintextures of the Dirac states by evaluating the expectation values of spin operator for three spin directions as a function of k. 36, 39 Figures 3(d) and 3(e) present results for the in-plane (S xy ) and out-of-the-plane (S z ) spin components for the T3 termination. It can be seen from the sizes of the pink and blue circles that the Dirac states have a large in-plane spin polarization up to a momentum k ∼ 0.15 A −1 around the Dirac-point, beyond which a finite outof-plane spin component develops due to coupling with the bulk states. The in-plane spin-polarization has a lefthanded (clockwise) chirality for the upper Dirac cone [see Fig. 3(f) ], but a right-handed (counterclockwise) chirality for the lower Dirac cone. These theoretical results are also in good accord with the corresponding spin-resolved ARPES experiments.
27
Band structures of symmetric slabs of TlBiTe 2 for T1-T3 terminations are shown in Figs. 4(a)-4(c) , along with the spin textures of the Dirac cone states for the T3 termination in Figs. 4(d)-4(e) . We comment only briefly on these results because they are quite similar to those for TlBiSe 2 already discussed above, some differences in details notwithstanding. Here also, unlike the T1 and T2 terminations, the T3 termination realizes a single Dirac cone residing within the bulk energy gap without any overlapping trivial surface states, see Fig. 4(c) , with opposite spin-helicities in the upper and lower portions of The computed Dirac cone is well-isolated from the trivial surface states, with the Dirac node lying 0.1 eV below the bulk bands and, as shown in Fig. 4(c) , the Dirac cone is surrounded by projected bulk bands that form maxima at k ∼ 0.15 (0.19)Å −1 along Γ − K (Γ − M ) directions.Notably, here also the total energy per atom of the slab with T3 termination is lower than the average energy per atom of the slabs with T1 and T2 terminations as seen from Table I, indicating that, like TlBiSe 2 , T3 provides a good model of the naturally occurring surface of TlBiTe 2 .
C. Electronic structure of the (221) and (112) surfaces
We have seen that flat surfaces of TlBiSe 2 and TlBiTe 2 with T1 or T2 type termination produce unwanted (trivial) dangling bond states coexisting with the Dirac cone states, and that this problem can be resolved by invoking the T3 model, which involves a non-flat surface composed of an equal mixture of T1 and T2 terminations. We now discuss another potential route for removing the trivial surface states from the Fermi energy, where the surface remains flat, namely, the (221) surface. Figure 5(a) shows a side view of the (221) surface of TlBiSe 2 . Normal to the (221) surface makes an angle of 50.6
• with the (111) direction of rhombohedral TlBiSe 2 , and forms a layered structure like the (111) surface. Unlike the (111) surface, however, the in-plane lattice constants for the (221) surface are unequal (a = 4.32Å and b = 10.06Å), reducing the symmetry to a single yz mirror plane, instead of the three-fold rotation plus a mirror plane symmetry of the (111) surface. 46, 47 The (221) surface thus has a strong anisotropy between the x and y directions, which are symmetric for the (111) surface. The band structure of a symmetric TlBiSe 2 slab composed of 111 atomic layers with a flat (221) surface is shown in Fig. 5(c) . Similar to the (111) surface, a single topological surface state with linear energy dispersion is clearly visible within the bulk energy gap. But, unlike the (111) surface with T1 or T2 termination, the trivial surface states are now located below the Dirac node [ Fig. 5(c) ], leaving the Dirac cone well separated from the bulk as well as the trivial surface states. Similar results are found with respect to the behavior of the Dirac cone states in the band structure of a TlBiTe 2 (221)-terminated slab, shown in Fig. 5(d) , although the lower Dirac cone is more distorted and less well isolated from the trivial states in this case compared to the (221)-TlBiSe 2 slab. The spin-texture associated with the Dirac cone states on the (221) surfaces of TlBiSe 2 and TlBiTe 2 are similar to those for the (111) surfaces discussed above, and are not shown in the interest of brevity; the spintexture for the upper Dirac cone states for the (221)-TlBiSe 2 and TlBiTe 2 slabs is, however, shown schematically in Fig. 5(b) .
The existence of Dirac cone states over the (221) surface of TlBiSe 2 , which are well isolated from the bulk as well as the trivial dangling bond states, suggests that other high-index surfaces might also support such a behavior. Accordingly, we have investigated another highindex surface, namely, the (112) surface. The (112) surface has an atomic structure similar to that of the (221) surface, although in this case the normal distance between the top four atomic layers is quite small [see Fig.  6(a) ]. As a result, the anion and cation layers lie close to the surface, and we might expect that the strong bonding between these layers will remove the trivial dangling bonds. This is indeed what happens as seen clearly in Fig. 6(b) , where an isolated Dirac cone state is found once again within the bulk energy gap with the Dirac node lying at the Fermi level. The trivial surface states have now completely disappeared along the Γ − X directions, which were otherwise located within the bulk energy gap [see Fig. 5(c) ].
Dirac cone states over high-index surfaces such as (221) and (112) support elliptical constant energy contours, see Fig. 5(a) , with anisotropic energy dispersions and velocities of Dirac carriers. This anisotropy is a direct consequence of the reduced symmetry of these surfaces, and results in novel direction dependent properties of the carriers, which would potentially allow manipulation and engineering of new materials platforms for magneto-electronic devices such as anisotropic-magneticsensors, [48] [49] [50] and use in table-top experiments to simulate high energy particles propagating in anisotropic space. 48, 49 Other applications based on differences in carrier velocities at the interfaces of surfaces have been suggested. 46 
IV. CONCLUSION
We have investigated the electronic structures associated with various surface terminations of TlBiSe 2 and TlBiTe 2 slabs within the framework of the first-principles density functional theory. The Dirac cone states are found to coexist with the trivial dangling bond states for flat (polar) Se/Te-or Tl-terminated surfaces in sharp disagreement with ARPES experiments on TlBiSe 2 and TlBiTe 2 where no trivial states are observed near the Fermi energy. We show that for a rough (non-polar) (111) surface with an equal number of Tl and Se (Te) atoms in the surface layer of TlBiSe(Te) 2 , the trivial dangling bond states are removed, leaving a well-isolated Dirac cone in the bulk band gap in remarkable accord with the experimental results. The computed spin-texture of the Dirac states is helical with large in-plane polarization, which is also in agreement with the results of available spin-resolved ARPES experiments. Our study suggests that a rough, nonpolar surface model, such as the T3-termination model, is a viable model of the naturally occurring surfaces of TlBiSe 2 and TlBiTe 2 . Finally, we consider TlBiSe 2 and TlBiTe 2 slabs with flat, (221) and (112) surfaces, and find that the trivial surface states in this case also tend to move away from the energy region of the bulk band gap, suggesting an alternate route for obtaining Dirac cones which are well-isolated from the bulk and other trivial surface states. Notably, in contrast to the nearly isotropic Dirac states supported by the (111) surfaces of TlBiSe 2 and TlBiTe 2 , the (221) surface Dirac states are more anisotropic, presenting interesting possibilities for fundamental physics as well as applications.
